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§51. Particle Pair Diffusion in Turbulence 
Goto, S., VassiJicos, J.e. (Imperial College, London) 
Particle pair diffusion in statistically homogeneous 
isotropic· stationary self-similar turbulence is investi-
gated. It is about eighty years ago when llichardson 1) 
heuristically proposed; from the lllcasnremcnt of atmo-
spheric turbulence: the governing equation for the proba-
bility density fUllction (PDF) P(c" t) of the particle pair 
distance 6. in such turbulence as 
oP 0 (" d-1 0 ( P )) 75t = 0 c,F C, 0 C, C, d - 1 (1) 
Here; cl is the spatial dimension and F is the diffusion co-
efficient which depends on the separation C, as F(C,) ~ 
6. ~. It has becll shown by recent experiments2,3) and 
numerical simulations4 ) that the solution of this equa-
tion gives fairly good prediction of P(c" t). The pur-
pose of the present study is to understand the physical 
mechanislll. of particle pair diffusion which leads to the 
Richardson equation (1). 
Fig.1 shows the direct numerical simulation5) (DNS) 
visualisation of a typical particle pair motion at one 
length scale of two-dimellsional self-similar turbulence 
with a constant inverse energy ca.':Icade; the energy spec-
tnuIl is proportional to t:~ k-* l where t: is the const.ant 
energy fiux ill the inertial range. The tracked pair is 
trapped by a coherent eddy of size O(c,) for the dum-
tion of its eddy turnover time T( ~) I'"-.J t:-* ~ ~, and the 
pair distance suddenly increases when one of them leaves 
the eddy. Note that at a larger length scale tbe pair is 
likely to be still trapped by 11 common coherent eddy. 
The velocity field is statist.ically self-similar, and there-
fore the temporal evolution of particle pair separation 
~(t) is also expected to be in a self-similar manner as 
(2) 
Here, p is a constant scale ratio between the pair sepa-
rations before and after a sudden separation. 
Based on the simple model (2), it is easy to derive 
the governing equation for P(c" t). First, we define the 
probability Q,,(t) for a particle pair to be separated by 
c,(t) = pnc,o '= c,,,. Then the model (2) implies that 
Qn(t) is governed by 
d . 
dt Qn = bn- 1 Qn-l - bn Q" (3) 
with coefficients bn. rv (T(~n)) -1 I'"-.J d ~n -~. By Taylor 
expanding (3) up to tl.le second order around 6. = ~n, 
we obtain a new governing equation for P(~, t) as 
(4) 
Here, 0' == log p and B is a constant proportional to , 
€3. It is interesting to observe that the derived equa-
tion (4) is au generalisation of the Richardson equation 
(1); if and only if the physical parameter a is equal to 
~ (~) for d = 2 (d = 3), (4) is identical to (1). There-
fore, the simple description (2) of particle pair diffusion, 
which is based on the picture that particles are trapped 
and released by coherent eddies (Fig.1), may serve as 
the physical mechanism \vhich exists behind the (gener-
alised) Richardson equation. 
Finally, we compare the solution of (4) with the DNS 
estimation of P(C" t) in the two-dimensional self-similar 
turbulence (Fig.2). When the physical parameter" is 
chosen as" = 1.3 (i.e. p '" 3.6), the solution of (4) is in 
good •. tgreement with the DNS data. 
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Fig.1 Particle pair separation rnechalli~Ill. Trajectories 
of a particle pair with separation L). are drawn with mag~ 
llitude of the coarse-grained vorticity field with cut-off 
length O(~). (a) The pair is trapped by a coherent eddy 
for the duration of its eddy tUrrlover time, and moves with 
the eddy. (b) When one of the particles leaves the eddy, 
the distance between the pair increases suddenly. 
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Fig.2 (a) DNS verification of the analytical solution of 
our PDF equation (4). Solid line, the solution (a = 1.3); 
symbols, DNS data. (b) Same as (a) but in semi-log plot. 
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